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Abstract 

We study some field representations of vector supersymmetry with superspin Y = and Y = 1/2 
and nonvanishing central diarges. For Y = 0, we present two multiplets composed of four spinor 
fields, two even and two odd, and we provide a free action for them. The main differences between 
these two multiplets are the way the central charge operators act and the compatibility with the 
Majorana reality condition on the spinors. One of the two is related to a previously studied spinning 
particle model. For y = 1/2, we present a multiplet composed of one even scalar, one odd vector 
and one even selfdual two-form, which is a truncation of a known representation of the tensor 
supersymmetry algebra in Euclidean spacetime. We discuss its rotation to Minkowski spacetime 
and provide a set of dynamical equations for it, which are however not derived from a Lagrangian. 
We develop a superspace formalism for vector supersymmetry with central charges and we derive 
our multiplets by superspace techniques. Finally, we discuss some representations with vanishing 
central charges. 
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1 Introduction 



In this paper we study some field representations of tlie vector supersymmetry algebra, a 
graded extension of the Poincare algebra in four dimensions. The extension is reahzed by 
adding to the Poincare algebra two fermionic operators, an odd Lorentz vector and an odd 
Lorentz scalar. Furthermore, two central charges are allowed. The anticommutator between 
vector and scalar odd generators gives the four-momentum vector, from which the name 
vector supersymmetry (VSUSY). 

To our knowledge, this algebra was first introduced in [1] in 1976, with the purpose of 
obtaining a pseudoclassical description of the Dirac equation. Its general algebraic properties 
have been studied in [2] (sec also [3]). The VSUSY algebra, or, better, an extension of it, 
arises in the context of topological field theories. In fact, an Euclidean version of VSUSY 
appears as a subalgebra of the symmetry algebra underlying topological M = 2 Yang-Mills 
theories. Supersymmetry with odd vector generators was studied after Witten [4], who, in 
1988, introduced topological M — 2 Yang-Mills theories by performing a topological twist. 
After this twist, the fermionic generators become a vector, a scalar and an anti-self dual 
tensor [5, 6]. After truncation of the anti-selfdual sector, the twisted algebra coincides 
with the Euclidean VSUSY algebra, in the special case when the two central charges of 
VSUSY are identified. Twisted topological algebras have proven to be useful in the study 
of renormalization properties of topological field theories [7, 8]. Moreover, a superspace 
formalism has been developed for these topological theories, see for example [5, 6, 9] and 
references therein. 

The main difference between vector and ordinary supersymmetry is that the odd genera- 
tors of VSUSY have integer spin and so they do not satisfy the usual spin-statistics relation. 
This implies that in any representation of VSUSY some of the component fields, counting 
for half of the degrees of freedom of the multiplet, necessarily violate the usual spin-statistics 
relation and in a field theory setting should be identified with ghosts. VSUSY then unifies 
physical fields with ghosts and not fields of integer spin with fields of half-integer spin. In 
particular, a VSUSY multiplet always contains either only fields of integer spin or only fields 
of half-integer spin. Therefore, while VSUSY's algebraic structure is very similar to the 
one of ordinary supersymmetry, it has completely different implications. Ghost fields are 
not observed but are nonetheless a very important technical tool in field and string theo- 
ries. For this reason, VSUSY representations and dynamical models with underlying VSUSY 
are worth exploring. In any case, it is interesting to compare this alternative to ordinary 
supersymmetry to understand what the essential ingredients in supersymmetry are. 

In [2] , it has been shown that the irreducible representations of VSUSY can be classified 
according to the value assumed by the superspin Casimir operator, in complete analogy to 
the case of standard supersymmetry. An irreducible multiplet with a given value of the 
superspin Y contains components of Lorentz spin s = |y ± i| for F 7^ 0, whereas for Y = Q 
the components have Lorentz spin |. 

In this paper we explicitly construct field representations corresponding to the two lowest 
superspin values, Y = Q and F = |. In the case F = 0, we find two off-shell multiplcts both 
composed of four Dirac spinors, two even and two odd. The first one is compatible with 
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Dirac-type equations of motion and is realized in the spinning particle model in [10]. The 

second one differs from the first because of the nontrivial action of the central charge operator 
on the fields. Moreover, it is not compatible with Dirac equations of motion, but only with 
Klein-Gordon ones. In the case Y — ^, in Euclidean space, we construct a multiplet with 
a scalar, a vector and a selfdual two-form. The scalar and the two-form are even and the 
vector is odd, or the other way around. We show that this is a truncation of a representation 
of the topologically twisted J\f — 2 theory given in [11] (see also [12]). Since in this paper we 
are mainly interested in representations in Minkowski spacetime, we discuss the existence 
of a similar multiplet in Minkowskian signature. We find that in Minkowski spacetime the 
number of degrees of freedom must be doubled, since the fields must be necessarily complex. 
The resulting Minkowskian multiplet features a complex scalar, a complex vector and a 
selfdual and an antiselfdual two-forms related to each other by complex conjugation. This is 
of course equivalent to having two real scalars, two real vectors and one real two-form. For 
all multiplets we give the invariant free dynamical equations, which for F = multiplets can 
also be derived from an action. 

Furthermore, we develop a superspace setup for VSUSY and we rederive our results in 
components from superfields. To do that, we adapt the superspace with central charge 
first introduced by Sohnius in [13] to VSUSY. This kind of extended superspace allows us 
to also derive multiplets where the central charge operators act nontrivially on the fields. 
Concerning the derivation of actions from superspace, we only take a first step by choosing 
to work with a fixed value of the central charge. In this way we derive the action for one of 
our Y = multiplets. 

Finally, we consider the case of vanishing central charges and we find some examples of 
field representations by superspace techniques. 

In the most interesting case of nonvanishing central charges, we limit our study to free 
fields. We leave interacting theories for future work. In the case with vanishing central 
charge we find an interacting action for one of our multiplets. However, this action has the 
unusual property of being odd. The need for this kind of actions for some supersymmetric 
models in the case of ordinary supersymmetry has already been pointed out in [14], [15]. 
However, the quantization of these models remains to our knowledge problematic and goes 
in any case beyond the scope of this paper. 

Part of the results presented in this paper are also discussed in the master thesis of Simon 
Knapen [16]. 

The paper is organized as follows. 

In Section 2 we state our conventions and we review the results obtained in [2] with par- 
ticular emphasis on the classification of irreducible representations of VSUSY in the case of 
nonvanishing central charges. 

In Section 3 we present two multiplets with Y = 0. Furthermore, we introduce VSUSY 
superspace with central charges and we derive both multiplets by superspace techniques. 
In Section 4 we present a, Y — ^ Euchdean on-shell multiplet, we discuss its rotation to 

Minskowski spacetime and its superspace origin. 

In Section 5 we initiate the study of the construction of VSUSY invariant actions by super- 
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space techniques by considering the case of the spinning particle y = multiplet. 
In Section 6 we study some representations of VSUSY with vanishing central charges. 
In Section 7 we give our conclusions and outlook. 

In Appendix A we give more details on the relation between one of our multiplets with Y = 
and the spinning particle model of [10]. 

In Appendix B we explicitly show how to solve the first superspace constraint equation en- 
countered in Section 3. 

In Appendix C we discuss the relation between the Y = 1/2 VSUSY multiplet of Section 
4 and a tensor supersymmetry multiplet found in [11] in the context of jV = 2 twisted 
topological models. 

2 VSUSY algebra and Casimir operators 
2.1 Conventions 

Vector supersymmetry (VSUSY) algebra is a graded extension of the Poincare algebra in 
four dimensions. The extension is realized by adding to the Poincare algebra two fermionic 
operators, an odd Lorentz vector and an odd Lorentz scalar. Furthermore, two central 
charges are allowed. We work with Minkowski metric unless stated otherwise. The VSUSY 
commutation relations used are: 

[M^^, Mp^] = -ir]„pMf,^ - irj^^M^p + ir],,^Mpp + irip^pM^^ ; 
[M^^, Pp] = irj^pP,, - irj^pPp, ; [M^^, Qp] = irjp^pQ,, - i-q^pQf, ; 
{Q^.,Qu}^Zr]^y, {Q5,Q^}^Z- {Q^,Q5} = -P^. (2.1) 

In [2] it was shown that the VSUSY algebra can be derived by contraction from the simple 
orthosymplectic algebra 0Sp(3, 2|2). The name we have chosen for the scalar odd generator, 
Qs, is a reminder of its five-dimensional origin. The algebra will be realized in the form (2.1) 
in terms of differential operators acting on superfields. As usual, it will be realized with 
opposite signs in the RHS on component fields. 
We follow the conventions: 

77^, = diag{-l, +1, +1, +1} ; e^^^s ^ ^ ^ . 

P^^id,; n = d^d^^^ ^^-P^- {7m,7.} = 277^.; 

tS = -70 ; i\ = li ; iQ^iiio = -In ; 75 = {^envpal^l''Yl'' ■ 

(2.2) 

Therefore we have the mass shell condition = —w? and the Dirac equation is of the form 
{^ + m)ip = 0. 

In this paper we discuss multiplets including both physical fields and ghosts. In general, to 

avoid confusion, we will denote fermionic fields by a tilde . 

For our conventions concerning spinor fields, discussed next, we follow [17]. 
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For the complex conjugation of a bilinear in two fermionic fields A and B, we adopt the 
convention of exchanging the position of the fields, i.e. 

(ABy = B^AK (2.3) 

We define the infinitesimal VSUSY transformations of the fields as 

Sq^i/j = ie^Q^tlj and Sq^iI) = ie'^Q^tl]. (2.4) 

with 65 and real odd parameters. For the central charge operators, we define 

= i^zZi}) and t^^V = ie^'Zi^). (2.5) 

where the even parameters tz and are also taken to be real. For Dirac conjugate fields 
and their transformations, we have the following conventions 

^ = , 

bQi,'^ = (M)^ = -^(gV)^et . (2.6) 
We use the following definition of the Major ana condition for spinors: 

zV^t^o = VC, (2.7) 
where the charge conjugation matrix C satisfies 

C^^-C- C'V.C = -7,. (2.8) 
As a result, for anti-commuting Majorana spinors we have the following identities: 

xi = ix; xii^l = -iinX ; J x Pi = J i ^x, (2.9) 

while for commuting Majorana spinors we have: 

= -Xij ; ^7^A = X^^i/j ; j ll^ ^X ^ - j X ^tl:. (2.10) 

In practice, it is useful to rephrase (2.7) in terms of the C-operation defined as follows on a 
spinor 

^C' ^ iB'^il;* , where B = -C70 . (2.11) 
The Majorana condition is then simply rewritten in the form 

V^ = ^^. (2.12) 

In this case we say that the spinor is real. For a general matrix M in spinor space the 
C-operation is defined as follows: 

^ B-^M*B . (2.13) 



The gamma matrices behave as real matrices 



il.f = 7. (2.14) 

and the matrix 75 as purely imaginary 

(75)'' = -75- (2.15) 

In the following, we will be interested in checking whether our spinorial VSUSY multiplets 
are compatible with a Majorana reality condition on the spinors. A multiplet is compatible 
with the Majorana condition when for a real spinor tjj the variation 6ijj is also real. Since we 
are dealing with both fermionic and bosonic spinors in this paper, the Majorana condition 
must be investigated separately in the two cases. If ip is real and odd (physical), then 
requiring compatibility with the Majorana condition is equivalent to asking that Qfj,ip and 
Q^i/^ are purely imaginary. If ip is real and even (ghost), then requiring compatibility with the 
Majorana condition is equivalent to asking that Qfj,ip and Q^ip are real. From the algebra 
(2.1), {Qjj,,Qiy} = VtifZ, one can easily derive that Zip has to be purely imaginary when 
ip is real, both in the even and odd cases. An analogue conclusion can be drawn for Z. 
Therefore the factor of i present in the definitions (2.5) is needed for consistency of the 
reality conditions on the spinors with the algebra. 

2.2 Equivalence classes of irreducible representations with differ- 
ent values of the central charges 

As already noted in [2], for irreducible representations where, in a suitable basis, the central 
charges can be treated as numbers, it is possible to make a rcscaling such that in general 
only the value of one central charge and the relative sign between the two is relevant. In 
fact, by implementing into the algebra (2.1) the rescalings 

^ , Q5 ^ aQ5 , (2.16) 

one obtains 

{<9^, Qu} ^ ^V^..Z, {Q,, Q,} = a^Z , (2.17) 

while the other (anti) commutation relations remain unchanged. By choosing = ■sj^^, one 
sees that only the absolute value of one of the two central charges and their relative signs 
are relevant. A similar rescaling can be performed when one of the central charges is zero 
and the other is not, to fix the value of the nonzero central charge to ±1. 
To summarize, one gets the different equivalence classes of irreducible representations given 
in Table 1. In some field representations we discuss in this paper, the two central charges 
of the VSUSY algebra are identified, for simplicity. One should then remember that this 
assumption is in fact a restriction only for reducible representations characterized by a 
nontrivial action of the central charge operators. 
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Central charge values 


Equivalent with 


Z ^ 0, Z ^ and sign(Z) = sign(Z) 
Z 7^ 0, Z 7^ and sign(Z) = — sign(Z) 
Z = 0, Z ^0 

z^o,z^o 
z^z^o 


Z = Z ^0 
Z = -Z j^O 
Z = and Z = ±1 
Z = ±1 and Z = 

Z^Z^O 



Table 1: Equivalence classes of irreducible representations according to the values of the 
central charges 



2.3 Casimir operators 

In [2], the Casimir operators of the VSUSY algebra (2.1) have been derived. 

Besides the square of the momentum P^, another spin- related Casimir has been found, W"^, 

which is the square of the spin vector W^: 

W = ^e^"'"' {i ZMp, - Q,Q,) . (2.18) 

This is the VSUSY analogue of the superspin operator of ordinary supersymmetry. The 
structure of the superspin Casimir allows us to derive the Lorentz spin content of an irre- 
ducible VSUSY multiplet. 

If one denotes the superspin eigenvalues by W"^ — w?Y{Y it turns out that an irre- 
ducible VSUSY multiplet of superspin Y always contain fields of Lorentz spin s — \Y :k ||. 

Therefore, for F > the multiplets contain components of spin (s, s + 1), while in the de- 
generate case y = the components have spin |. In this paper we will explicitly construct 
multiplets with F = and Y — ^. 

In [2], it was also observed that VSUSY, due to its structure with scalar and vectorial odd 
generators, could have an odd Casimir operator as well. In fact, it was shown that, for 
representations satisfying the following BPS-like condition relating the mass and the values 
of the central charges 

P^ = ZZ, (2.19) 

the odd operator 

Q = Q''P^ + Q5Z, (2.20) 

(anti) commutes with all other operators in the algebra. Therefore, Q is technically not a 
Casimir operator, it should be called surface invariant. However, we still choose to call it 
'odd Casimir' in this paper. 
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3 Y = multiplets 



According to the discussion in the previous section, the irreducible VSUSY multiplets with 
superspin y = are doublets of spin | fields. These doublets are realized in a field theory 
setting by on-shell fields. Off-shell multiplet have in general more fields. In the following we 
will present two inequivalent off-shell multiplets, both featuring four spinors, two even and 
two odd. For one of the multiplets we will also show a reduction, featuring only two spinors, 
one even and one odd, which closes only on shell. Furthermore, we will discuss whether 
these spinorial multiplets are compatible with a reality (Majorana) condition and we will 
give a VSUSY invariant free action for them. Finally, we will provide a superspace setup for 
VSUSY and we will derive our multiplets by superspace techniques. 

3.1 Y = multiplet from the spinning particle 

Consider the four Dirac spinor fields ■01, i^i, '02, '02, two even and two odd. As mentioned 
earlier, we denote fermionic fields by a tilde. The VSUSY charges act on the fields as given 
in Table 2. The central charges Z and Z are represented diagonally on this multiplet, with 





Q5 


<5m 






1 

V2a 


{-m-iii + d^) -fstpi - idi^il>2 








1 

\/2a 


{-m'yi^ + dfj) 75^'! - id^i^2. 








1 

%/2a 


-idf^Tpi - 75 (m7^ + d^) '^2 




^2 




1 

V2a 


-id^ipi - 75 (m7^ + d^) ^2 





Table 2: Action of the VSUSY charges on the fields (four-spinor multiplet with fixed value 
of the central charges) . 

values Z = — and Z = —a. The following set of Dirac-type equations of motion is invariant 
under VSUSY: 

()3 + m)V'i = 0; {^ + m)7pi=0; 

(^ + m)V2-0; {P + m)^2^0- (3.1) 

Now that the parameter m in the representation has been identified with the mass of the 
spinors, we see that the relation between the values of the two central charges ZZ = — 
is the one allowing for the presence of the odd Casimir on the mass shell (2.19). Indeed, 
one can explicitly check that the odd Casimir (2.20) is zero for this representation when 
p2 — —77^2^ ^ expected in the absence of a natural odd constant in the model. 
Following the conventions (2.6), one can compute the transformations of the barred fields 
and the result is given in Table 3. 
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i'l 
i'2 
i'2 


iy^i'2^ 
iy^i^ie 
i^/^i'ie 


^ i^i75 [m-it, + V^j + -02^^ 
^ V^i^/. + «V'2 fm7^ - ^ A 75 
i'l^ „ + #2 (m7/, - V^j 75 



Table 3: VSUSY transformations of the Dirac-conjugate spinor fields (four-spinor multiplet 
with fixed value of the central charges) . 



One can check that the following Dirac-type action is VSUSY invariant 



-'02 ( ^ + -01 + -02 ( )^ + ?7T,) -01 - "01 ( ^ + ^) '02 + "01 ( + ?7T,) -02 ■ (3.2) 

In [10], a VSUSY invariant action was constructed for the massive spinning particle with the 
method of nonlinear realizations. The representation found there can further be rewritten, 
as shown in Appendix A, in terms of four Dirac spinors -01, -01, -02, '02, two even and two 
odd. One can easily show that that representation is the same as the one given in Table 2. 
The action of the VSUSY charges and on the spinors of [10] is given in Table 4. 



i'l 


-V^l5i^2 




(-m7^ + d^) ill - idf,ijj2 


i'l 


-V^75^2 




.{-m-ff, + d/j,) -01 - idi_,ij2_ 


i'2 


-71750^1 


72S^5 


-id^ii - {m-ff, + df,) -02 


i'2 


-yf75V'i 




-id^ix - (m7^ + 9^) 0^2^ 



Table 4: Action of the VSUSY charges on the four-spinor multiplet in [10]. 

To see that the representation in Table 4 is in fact the same as the one given in Table 2, it 
is enough to implement the following rescaling 

^1-^75^1, 0'i-^75^i- (3.3) 

A natural question is whether the number of degrees of freedom in this multiplet could be 
reduced by half by imposing a reality (Majorana) condition on the spinors. The consider- 
ations in Section 2.1 apphed to the action of the VSUSY generators on the spinorial fields 
given in Table 2 lead to the conclusion that this is not possible in this case. 
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3.2 Another Y = multiplet 



Inspired by Refs. [11] and [12], we construct a multiplet with the same field content as in the 
previous section but with a nontrivial action of the central charge operators on the fields. 
We are interested in multiplets satisfying (2.19). For simplicity, wc work in the case Z — —Z^. 
Since the central charges are real, the case Z = Z corresponds to fields with an imaginary 
mass (tachyons) and for this reason we do not consider it. 

As in the multiplet presented in the previous section, the field content is four Dirac spinors, 
■0) X) A, i, two even and two odd. They transform as in Table 5. 





Q5 




z 




-X 




iX 


X 


-fA 




-I Pi 


X 


m 


-In 


-iDi/j 


1 


-1 Pi^ 







Table 5: Action of the VSUSY charges on the fields (four-spinor multiplet with nontrivial 
action of the central charge) . 

One can check that this representation indeed satisfies the constraint P'^ — —Z'^. Since this 
constraint allows for the presence of the odd Casimir but there is no natural odd constant, 
the odd Casimir vanishes on all fields. The transformations of the barred field are given in 
Table 6. 









6z 


X 
X 

I 


iX^h 
|Ae5 


^xPip.^^ 


-Xez 
-&ez 
ihez 
X'P^Z 



Table 6: Transformations of the Dirac-conjugate spinor fields (four-spinor multiplet with 
nontrivial action of the central charge) 

^This is the same kind of restriction as choosing to have a real central charge instead of a complex one 
in A/" = 2 standard SUSY. This choice is made for instance in the M = 2 SUSY and related twisted SUSY 
papers we are inspired by in this paper, like [11] [12] and [13]. 
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One can check that the following Klein-Gordon type free action is invariant under VSUSY: 

j d'x {inl + lUx + '-i^nX - '-XUi: + m^U + + ^V^A - '-M)^ . (3.4) 

Following the discussion at the end of Section 2.1, we see that for this multiplet it is possible 
to impose the Majorana condition (2.7) on the spinors to reduce the number of degrees of 
freedom of the representation by half, by requiring all of them to be 'real' in the sense stated 
there. 

A comment is due on the unexpected form of the action. It is of course unnatural to have 
an action for spinor fields with Klein-Gordon kinetic terms. A first check is that a set 
of Dirac-like equations for the spinor fields indeed cannot be invariant under the VSUSY 
transformations given in Table 5. The puzzling issue is however that, by inspection of action 
(3.4) only, one cannot see that the Lorentz group under which the spinors transform is the 
same as the spacetime Lorentz group, so apparently the symmetry group of the action is 
larger than the VSUSY algebra (2.1). This feature is related to the fact that no spinor 
generators are present in the VSUSY algebra, so spinors are introduced by hand in the 
representations and do not naturally arise as in the case of ordinary SUSY as superpartners 
of scalar or vectorial fields. However, the VSUSY transformations under which the action is 
invariant do show that the two Lorentz groups have to be identified. This puzzle is technically 
due to the absence of a coupling between 7^ and in the kinetic terms for the spinors and 
could be solved by possible VSUSY-invariant interaction terms where this coupling would 
be present. This issue deserves further investigation. The search for a VSUSY invariant 
interacting field theory involving this multiplet is left for future work. 

3.2.1 On-shell F = multiplet 

It is also possible to construct a multiplet with only two spinors, one even and one odd, 
being a realization of the irreducible doublet with Y — Q discussed in Section 2.2. 

We work again in the simpler case Z = —Z . 

Gonsider the multiplet given in Table 7, where z is the value of the central charge. The 





Q5 




X 


-X 

-¥ 


Px 



Table 7: Action of the VSUSY charges on the fields (on-shell two-spinor multiplet). 

transformations of the barred fields are given in Table 8. One can easily see that this table 
is a component realization of the VSUSY algebra (2.1) in the special case Z = —Z when 
one imposes the equations of motion IDip = z'^ip and = i^x, which are a realization of 
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ho 




X 







Table 8: Transformations of the Dirac-conjugate spinor fields (on-shell two-spinor multiplet). 

the constraint = — on the fields. Note also that the odd Casimir is realized on this 
multiplet with the value zero. 

Actually, this short multiplet can be derived from the one presented in Table 5 by requiring 
that the Z operator acts as a number z on all fields. The resulting four constraint equations 
amount to 

\ = -izij, i='-pX, (3.5) 

z 

reducing the number of fields from four to two, together with the dynamical equations 

□V^^iV, Di^z'i. (3.6) 

Therefore the truncation procedure puts the remaining fields on-shell and so it is not correct 
to derive an action for the new multiplet by directly applying this truncation to action (3.4). 
However, there exists a VSUSY invariant action for this shorter multiplet: 

5 = /.^.(2jni + ^n^ + ™^(2« + l^,)). (3.7) 

Concerning the possibility of reducing the number of degrees of freedom of this multiplet 
by imposing a Majorana condition on the spinors, inspection of constraints (3.5) shows that 
these are not compatible with such condition and therefore the number of degrees of freedom 
cannot be reduced further. This can be also seen directly at the level of the action since, for 
Majorana spinors, the terms involving the field ip in the action would vanish. 

3.3 Y = multiplets from superspace a la Sohnius 

In this section we would like to derive the spinor multiplets presented in Tables 2, 5 and 7 

via a superspace approach. 

Since the multiplet in Table 5 is characterized by a nontrivial action of the central charge on 
the component fields, it will not be possible to derive it by using a superspace of the stan- 
dard type, spanned only by the bosonic coordinates associated to the generator P'* and 
the fermionic coordinates 9^ associated to the fermionic generators Q^. Two extra bosonic 
coordinates z and z associated to the central charge operators Z and Z must be present as 
well. For simplicity, we consider the case where Z = —Z so that we have to add only one 
extra bosonic coordinate z. In contrast to the case of extra fermionic coordinates, automat- 
ically leading to a superfield expansion with a finite number of components, the presence 
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of an extra bosonic coordinate leads to an infinite number of component fields. To obtain 
a multiplct with a finite number of fields, one must necessarily impose a set of covariant 
constraints in superspace forcing the coefficients of the z expansion for higher powers of z 
to be functions of a finite number of lower coefficients. 

This procedure has been discussed first by Sohnius in [13], in the context oi H — 2 su- 
persymmetric theories with one real central charge. There he introduced a superspace with 
supercoordinates (x'', , z), where a and a are spinor indices and i is the internal SU (2) 
R-symmetry index. Starting from the most general expansion of a superfield Of, z) 

with an extra SU (2) index i, he imposed two covariant constraints on it in order to reduce the 
number of degrees of freedom. In practice, he imposed that the covariant spinor derivatives 
and D^j, when acting on produce something proportional to the only two structures 
with two indices available in the SU (2) space, the Kronecker delta 5/ and the antisymmetric 
symbol eif 

Di^i^5,'<lfa: D^j^, = eij^a. (3.8) 

In order for (3.8) to be covariant constraints, \E'q and must be full superfields with a 
spinor index. Moreover, these two constraints automatically imply that ~ on <l>j, 
which means that the superfield satisfies D^j = As a result, the range in spin covered 

by the supermultiplet is only As — ^. This ensures that the supermultiplet contains only 
four independent component fields {A, ipjJp, F) and that the higher order terms in the series 
expansion in z are simply higher derivatives of those fields. 

We would like to follow this approach to construct our VSUSY spinor multiplets. How- 
ever, as we will discuss in detail in the next section, in our case we have an odd vectorial 
superspace covariant derivative, D^, and an odd scalar one, D^, both carrying no R-symmetry 
indices. Since we want to derive multiplets containing only spinor components, but no spinor 
indices appear in the VSUSY algebra (2.1), we must necessarily start from a superfield carry- 
ing a spinor index Moreover, since the only structure containing both vector and spinor 
indices at our disposal is the Dirac (7/^)^^, a natural covariant constraint to be imposed on 

is 

^M^" = , (3.9) 

where is the odd vectorial superspace covariant derivative, to be explicitly given in the 
next section, and A" is a generic spinor superfield. 

As we will show in the following, this constraint indeed does the job of eliminating all 
higher spin components in the superfield, leaving only spinor components in the superfield 
expansion. However, this constraint by itself is not enough to "terminate" the expansion in 
z. As much as Sohnius needed two contraints, one involving and the other D^j, to obtain 
a finite number of components fields, we will also need to impose a second constraint on ^'^ 
containing the covariant derivative in order to obtain a finite number of component fields. 
This second constraint will have the following property: combined with (3.9) it will imply 
that = —Z"^ on ensuring that the infinite series expansion in z actually depends 
only on a finite number of lower components. We will see that the right choice for a second 
constraint is of the form 

pD5$"~^$". (3.10) 
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In principle, one could also think of a constraint of the form D^^ ~ A. In fact, one can 
check that this also implies that = —Z"^ on However, inspection of the component 
constraint equations one gets from it shows that it is stronger than (3.10), in fact too strong, 
since it directly implies equations of motions for the component fields and not constraints 
reducing the number of components. 



3.3.1 Superspace 

We consider a superspace with supercoordinates = (a;'*, 9'^, 9^, z, z). 
The VSUSY charges have the following form: 

d i d i d d i d i d 

They satisfy the VSUSY algebra: 

{Q^.Qu}^v^.z, {g^,g5} = -^M' {Q5,Q5} = ^- (3.12) 

where 



The superspace covariant derivatives are' 



2 



where and are given by 

d i i i i 

It is easy to see that these anticommute with the VSUSY charges and satisfy: 

{D^,D,}^-r]^,Z, {D^,D^}^P^, {D^,D^}^-Z. (3.16) 

Note that, similarly as in ordinary superspace, one can perform the following change of 
variables 

^i^{±) = ± l^M^^ ^ (3.17) 

where the other supercoordinates remain unchanged, so that the odd covariant derivatives 
take the asymmetric form 



^Due to the fact that in VSUSY superspace both the even coordinate and the odd coordinate 9^ carry 
a vectorial index, the notation for the covariant derivatives could lead to some misunderstanding. We choose 
to denote with Z)^ the odd vectorial covariant derivative and simply with = 9^ the even one. 
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or 

This is the VSUSY analogue of the chiral and antichiral superspace representations vs. the 
vector representation of ordinary supersymmetry. 

In the following we will write constraints in superspace to reduce the number of degrees 
of freedom of a general superfield. We remind the reader that all constraints written in 
terms of the superspace covariant derivatives (3.14), (3.15) and in terms of superfields are 
automatically VSUSY invariant. 



3.3.2 Spinor Superfield 

For simplicity, let us first restrict ourselves to the case Z — —Z. 

As said before, we expect to be able to obtain a supermultiplet containing only spinor 

components, so we choose to consider a superfield with an extra spinor index expanded 
in 9^ and z. We also choose to be bosonic (as usual, we put a tilde on its fermionic 
components) : 

$"(x^r,^5,-2) = r(x,^) + 0"(x,z)^5 + ^;(a:,^)^^ + ^;(a;,z)^^^5 

(3.20) 

where we assume that every component field admits a Taylor expansion in z^ for instance 

oo ^ 

0"(a;, z) = y —z"" ix) (3.21) 
n=0 

and similar for the other components. 

Since the ^'s anticommute, it is clear that ^^i,, X^up, Xp.vp, Cpupa and (pupa must be totally 
antisymmetric in their vectorial indices. 

In order to avoid a cumbersome notation, we will often omit the spinor indices on the 
components. 



3.3.3 Supercovariant constraints 

Saying that the constraint (3.9) does the job of removing all higher-spin Rarita-Schwinger- 
fike fields and leaving only spinors components in the expansion (3.20), can technically be 
re-expressed by saying that the components {i/j^, ip^, Xpup, Xnup, Cpvpa, Cpvpa) solving 

the constraint only contain the following two structures 

K.,.-,ui^) = l,.,.-,.B-i^) + l[p.p....p.-.dp^f"{x) , (3.22) 
where ^ 

7/il/i2---Mn ~ "~T ^ y (~) lpilp2---lpn (3.23) 

perm 
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and with a{iii...iin) we denote a permutation of the indices iii...fj,n- As shown in Appendix 
B, the general solution of constraint (3.9) is given by the following relations for n = 0, 1, 2, 

& = -|7..0("+^) ii'J = -|7..0^"-^^^ - ^7[.9.,A('^) 

CS. = -^7..p.0^"+^) - -^7..p.0^"-^^^ - ^7[..p5.iA("+^). (3.24) 

This is indeed of the expected form (3.22). 

We are left with four infinite sets of independent field components, 

A("\ A("\ (3.25) 
whose VSUSY transformations are given in Table 9. 





Qr, 




z 






-7mA(«) 








7/.A('^) - 




A(«) 






i A("+i) 


A(") 


_i\(n+l) 
2^ 







Table 9: Action of the VSUSY charges on the four infinite sets of spinor components (3.25) 
solving constraint (3.9). 



If we want to recover the case with Z acting like a number we need to further impose 
the constraint 

= (3.26) 

with z number. This constraint implies: 

(3.27) 

We are then left with only four independent field components, (f)^^\ 4>^^\ A'^^) and X^^\ whose 
VSUSY transformations are given in Table 10. 

One can check that these transformations are not compatible with the Dirac equation. 
However, it is easy to show that the following linear combinations: 

V'l = -i(0(°) + f AW) ; V'2 = 'M<l>^'^ - J^^'^) ; 
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0(0) 
0(0) 

A(o) 
A(o) 


_0(O) 

_A(o) 





Table 10: Action of the VSUSY charges on the four spinor multiplet obtained from the 
components given in Table 9 by further diagonalizing the central charge. 



exactly reproduce the multiplet previously given in Table 2 with the following identifications: 

z^m^a (Z = -Z) . (3.29) 

Now we go back to the supermultiplet (3.25) where the operator Z is still not diagonal and 
we want to find a second constraint that, together with the first given in (3.9), automati- 
cally implies the multiplet shortening conditions — —Z^. As already mentioned in the 
introduction to this section, a natural choice is: 

^$ = -^L>5p$, (3.30) 

or, equivalently, 

P^ = -2iD5A, (3.31) 
where A is the spinor superfield appearing in (3.9). 

After some algebraic manipulations one can prove that (3.10), combined with (3.9), implies 
that — —Z^, that is to say: 

□ = -_$". (3.32) 
The constraint (3.32) reduces the number of independent components down to eight: 

0(1), 0(1), A(°), A(i), A(°), A(i). (3.33) 

Higher order components (for n = 1, 2...) are related to the previous ones via: 

0(2n) = (-□)"0(O) 0(2n) ^ (-□)-0(O) 

A(2") = (-□)"A(o) A(2") = (-□)"A(°) 

0(2n+l) ^ (_n)n0(l) 0(2n+l) ^ (_n)"0(l) 

A(2n+i) = (-□)"A(i) A('"+i) = (-□)"A(i). (3.34) 

Now, if we implement (3.10), which is stronger than (3.32), we obtain further constraints on 
the component fields: 

A(o) = ^0(0) , A(i) = - ^0(1) , A(i) = ^0(°) , 0(1) = - ^A(°). (3.35) 
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So, by imposing both (3.9) and (3.10), one reduces the number of independent components 
down to four: 

0(0), 0(1), 0(°), A(°). (3.36) 
The superfield expansion in 65 and z reads: 

= 0(0) + 0(0)^5 + 7^A(°)^^ + z 0(1) - z ^A(o)^5 + -2 7m ^0(°)^'' + /^0(°)^''^5 + 

-|9^0(o)^'^^5 - 17^^'/'^^^^''^'' - ^-2^ □ 0^°^ + higher order terms, (3.37) 

where the higher order terms are at least trihnear in 6'^, 9^ and z and contain only the fields 
appearing in (3.36). 

The VSUSY transformations for this supermultiplet are the ones already given in Table 5, 
once one makes the following identification: 

0(0) ^V^, 0(0) = '/•^^A, A(o)^e. (3.38) 

Now, if we diagonalize Z as we did before, we get the following relations: 

0(i) = -ii0(o) X(o) = ^^0(o). (3.39) 

z 

So we are left with the multiplet of Table 11, containing just two fields, which closes by 
imposing the constraint — —Z"^ by hand. 





Qr, 




0(0) 
0(0) 


-0(0) 
-10(0) 


-1 /^7^0^°) 



Table 11: Action of the VSUSY charges on the two spinor fields obtained from the Table 10 
by further imposing the constraint (3.10) 

One can check that the previous table reduces to Table 7 when the following identification 
is implemented: 

0(0) = X , = ^ . (3.40) 

4 y = 1/2 multiplet and twisted topological models 

In [11] and [12], an = 2 twisted superspace formalism with a central charge in four- 
dimensional Euclidean space is constructed, by introducing a Dirac-Kahler twist. This twist 
leads to the following supertranslation algebra 
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which is clearly an extension of the supertranslation sector of the VSUSY algebra (2.1) in 
the case where the two VSUSY central charges are identified. In (4.1) Q^j, denotes an 
antiselfdual two-form in Euclidean space and 5^i^po- = ^^p^vu — ^up^pa — ^pvpu is, up to a 
constant, a projector on the selfdual space. We will call this algebra tensor supersymmetry 
algebra (TSUSY), due to the fact that the extra odd generator present there with respect 
to VSUSY is an antiselfdual two-form Q'^^^. 

In [11] and [12], multiplcts which arc a representation of TSUSY are constructed. These 
are clearly also representations of VSUSY, but as such they are in general not irreducible. 
However, there is a main difference between what has been done there and the discussion in 
this paper. While, as previously mentioned, all multiplets of [11] and [12] are constructed 
in Euclidean space, which is the natural setting in the context of the twisted topological 
theories, in this paper we are interested in representations of VSUSY in Minkowski space. 
Therefore, in this section we will first exhibit an on-shell VSUSY multiplet with Y = 1/2, 
which will be shown in Appendix C to arise from a truncation of the Euclidean multiplet 
given in [11]. Then we will discuss whether this multiplet could be consistently rotated 
to Minkowski space. Finally, we will rederive the VSUSY multiplet directly in VSUSY 
superspace. The fields in the y = 1/2 VSUSY multiplet satisfy dynamical equations of 
motion with mass, which however cannot be derived from a Lagrangian. Comments about 
this issue from the point of view of the truncation of the TSUSY multiplet are given in 
Appendix C. 



4.1 On-shell Y = 1/2 multiplet 

Consider the set of fields (a, b/^, c~^,) where the first one is an even scalar, the second an odd 
vector and the third an even selfdual two-tensor in Euclidean or Minkowski space, according 
to the definitions: 

cji/ = =F^W<^c=^'"' (Euchdean) , 

cj. = l^'^e^upac^"" (Minkowski) , (4.2) 

or equivalently 

^p,v ^"nu,pa^ 1 \*-^) 

where 

^tu,pa = ^np^i^T - ^na^up T ^p^upa (Euclidcau) , 

^%,pa = 'Hp^pTlva - VpaVup T i^pupa (Minkowski) (4.4) 

is, up a constant, a projector on the (anti)selfdual space. Therefore, the main differ- 
ence between the Minkowski and the Euclidean case is that, with Minkowskian signature, 
( ant i) selfdual fields are necessarily complex and the complex conjugate of a selfdual field 
is antiselfdual. As a result, a model featuring only selfdual or only antiselfdual fields in 
Minkowski space cannot exist. Forgetting for a moment about this issue, we consider the 
VSUSY multiplet in Table 12. 
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Q5 




a 


id'^k 


-k 


k 













Table 12: Action of the VSUSY charges on the fields (on-shell multiplet with scalar, vector 
and selfdual two-form). 

It is important to observe that this multiplet closes under VSUSY, in both Euclidean and 
Minkowski signature, when the constraint = — is imposed by hand, which amounts to 
imposing on every component field that H — z'^. Moreover, the odd Casimir is present and 
has value zero. The closure of the algebra on the field c~p is nontrivial. To check it one has 
to use the selfduality of the field (4.2) and the Schouten identity e[^,^pcr^T]/3 = 0. 
It is interesting to note that, if one replaces the selfdual field c~j^ with an antiselfdual field 
c^^, the multiplet closes exactly in the same way, i.e. with no difference in signs or factors. 
The set of dynamical equations with mass 

□a = z'^a ; 
Dbf, = z%f,; 

= z^c;, (4.5) 

is consistent with VSUSY but cannot be naturally derived from an action. 
Finally, we would like to discuss the possibility of rotating this multiplet to Minkowski space. 
Since, as mentioned before, selfdual fields in Minkowski space are necessarily complex and 
a model featuring only selfdual fields cannot exist, one expects the whole multiplet to be 
complex in Minkowski space. This means that there will be a doubling of the number of 
degrees of freedom and that in fact two multiplets will be present, (a, 6^, c~^) and (a*, 6* , c+j^) 
where of course c^^, = (c~^)*. These two multiplets do not mix in the VSUSY transformations 
and are only related by complex conjugation. This situation is analogous to what happens 
with the chiral multiplet of ordinary supersymmetry in four dimensions written in complex 
notation. One can check that, by taking the complex conjugate of the multiplet of Table 
12, given in Table 13, and by taking into account the conventions for the transformations of 
the fields (2.4) and (2.5), one indeed obtains a copy of the VSUSY algebra for the complex 
conjugate fields, with the only change in the selfduality property of the tensor field, i.e. 
everything is consistent. 
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a* 


jed^bl 


-iei'bl 


b* 






C+ 







Table 13: VSUSY transformations of the complex conjugate fields (scalar, vector, antiselfdual 
two- form) . 



4.2 y = 1/2 multiplet from superspace 

In this section we derive the Y —\ multiplet of Table 12 by superspace techniques using the 
superspace setup of Section 3.3. We have seen that this multiplet closes exactly in the same 
way under vector supersymmetry in Euclidean and Minkowski spacetime. In Minkowski the 
fields must be complex and the complex conjugate fields transform into each other according 
to Table 13. However, since VSUSY does not mix the fields and their complex conjugates 
in Minkowski space, in this section we do not have to worry about this doubling and simply 
consider the multiplet of Table 12 in either Euclidean or Minkowski spacetime. 



4.2.1 Scalar Superfield 

Let us consider a generic scalar superfield: 

T[x^, ef", 65, z) = a{x, z) + h{x, z)9^ + b^{x, + 6^(x, z)e^e^ + 
z)e^,p, ^/^r^^r + fix, z)e^,p, Q^B^Q'^e^h, 

(4.6) 

where we assume as before that all components can be Taylor-expanded in z as in (3.21) and 
where c^"-* and c^^v are two-forms. It is useful to split them in their self-dual and anti-self-dual 
parts 

An) _ (n)+ I An)- ~{n) _ ~(n)+ , (a j\ 

'^p.i/ ^p.v ~ ^fiu -I '"nu ~ '^fj.v ' ' J 

according to equations (4.2) (4.3) and (4.4). 



4.2.2 Supercovariant constraints 

The idea is now to impose a covariant constraint on T that will let us work with only the 
self-dual parts of c^^J and c^^J . We choose the following constraint: 

e>"'P''D^D^DpD^T = -6i HI. (4.8) 
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After a quite long calculation one can show that the following relations must hold for any 
integer n — 0,1, 2...: 

Jn)+ ^ A ~(n)+ ^ ^ r+ f)Ph"'H 

^ ^n) ^ l^(n+l) (n+1) + ^Q^^Jn)- 

1^ 12 ^ V2 24 6 

f W = A DqC-) /W = — f Da^") + 9^6^'^+^)') , (4.9) 

■^96 96 V ^ y ' ^ ^ 

We are left with six infinite sets of independent complex component fields whose VSUSY 
transformations are given in Table 14. 





Q5 




Z 


An)- 




-iS^,,p.d''b-(-) - '^djt^ - 2cty - lv^.a(-+'^ 

— iA- h(^in+l) 


• (n+l)- 

• ~(n+l)- 



Table 14: Action of VSUSY charges on the six infinite sets of component fields solving 
constraint (4.8) (two sets of scalars, two of vectors and two of selfdual two-forms). 

Now we impose another covariant constraint involving in order to further reduce our 
multiplet: 

ZD^T = -id^D^J . (4.10) 

It is not hard to prove that this constraint implies that DT = Z^T, so that the higher order 
components of the fields are related to the lower ones via relations similar to those appearing 
in (3.34) and the odd Casimir is present and has value zero. In practice, we need to consider 
only the components of order and 1 in the z expansion. One can show that the constraint 
(4.10) yields: 

5(1) = ; u~a^o) ^ _Qplii) . 

b^^ = -2d^c^}- ; Ubf = -2d^c^il- ; 

= -¥„d''b<'^ ; c«- = --5-.,^d^b'^^'^ . (4.11) 

Now, if we want to consider Z not as an operator but as a number, indicated as usual 
with z, it is sufficient to impose that ZT — zT. We have then reduced our multiplet to 
three independent on-shell component fields, the scalar a^°\ the vector 6^°^ and the selfdual 
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two- form cjiJ . Their VSUSY transformations coincide with the ones in Table 12 with the 
identification 0^°^ = a and similar for the other fields. 

5 Deriving actions from superspace 

In this section we initiate the study of VSUSY-invariant actions from the superspace point 
of view. As a simphfication, we choose as before Z — —Z. Moreover, we will always consider 
Z as a number, denoted by z to distinguish it from the bosonic coordinate z. Therefore, we 
will not derive the action for the four-spinor multiplet with nontrivial central charge operator 
discussed in Section 3.2. To derive that, the method of Sohnius [13] should be implemented 
and we choose to leave this issue for future work. 

Let us first set the dimensions (in mass units) of the coordinates and the covariant 
derivatives: 

[dx>^] = -l; [d9] = l; [d^] = l; [D,] = l; ps] = | ■ (5.1) 
We define a general action in the superspace as 

S = J (fxifedOr^C. (5.2) 

Since S has to be even and dimensionless, we have that C must be odd and of dimension 
3/2. We choose the dimension of the spinorial superfields defined in (3.20), and A, related 
to $ by (3.9), as 

m^l. [A] = 2 , (5.3) 

from which one can derive the dimensions of their component fields 

= ^ [0W] = 2; [A(°)]=2 (5.4) 

In the same way, we choose a dimension for the scalar superfield T defined in (4.6) 

[T] = 1, (5.5) 
from which one can derive the dimensions of its component fields 

= [a'''] m-l^ [^?^] = 2, [cS-] = 2, [cjf)"] = ^ . (5.6) 

Now, since our goal is to build a VSUSY invariant Lagrangian £, we need to set the con- 
ventions for the Dirac conjugates of the superfields. As much as we have chosen, in Section 
2.1, our supersymmctry parameters e and to be real by convention, we now choose the 
superspace coordinates to be real 

{e^y^e^, {e^y^e,. (5.7) 
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With the conventions adopted in (2.2) and (2.3), one can see that the expansion of the bar 
of the spinor superfield $ becomes 

$ = ^$t^o = 0(0) _ _ _ ^w^M^g _ ^w^M^- + ty^^o^o^ + 



where (cfr. (3.24) and (3.27)) 






-(0) ~(0) 








f = 




.(0) z ~(0) 


y(0) 






f 

^l^up 


5^~(0) 5 ~(0) 

= gg0 7M^pa+24^MA 7i.pa] 



Analogously, for the complex conjugate of the scalar superfield T we have 



where (cfr. (4.9)) 



(5.9) 



/(°) = f ^ = f m^'^ + ^z&^P''] . (5.11) 

■'96 96 V / 

5.1 Klein-Gordon- type action 

Here we work with the superfields $ and A defined in Section 4 and satisfying only constraint 
(3.9). Since Z is treated as a number, we are actually working with four component fields, 

0(0)^ 0(0) _ ^(0) g^j^j ^(0)^ transforming as shown in Table 10. 

From (5.2) it is clear that the only term of the Lagrangian that survives integration is the 
one of highest order in 9p and 6*5, denoted by Cle-ies- 

J d^xd^eder,C\QAe^Q^e^ = J d^xC\e^g^, (5.12) 

where we define 

= le,,^J^0''0''0r (5.13) 
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We start by building the simplest combinations of $ and A that give odd Lagrangian terms 
of dimension 3/2 

Cmass = ' ^>^in = ^^^^ " (^'l^) 

After some lengthy calculations one can show that these two terms give the following con- 
tributions 

CmassWe, = 2 - 0(o)75AW + A^Ts^^^^ - 75^^°)) , (5.15) 

CunWe, = 75 □ A(°) - 0(°)75 □ A(°) + A(o)75 □ ct>^'^ - 75 □ 0^°^) • (5.16) 

Now we take the following Lagrangian 

■^1 = ^kin ~l~ ^mass ■ (5.17) 

Integrating it over the supercoordinates and removing the constant factor ^, we obtain the 
action 

j d^'x (0(°)75(n - ^') A(°) - f\,{U - i^) + A^° 75(n - ^')0^°^ - A(°)75(n - ^')0(°^), 

(5.18) 

which gives rise, as expected, to Klein-Gordon equations of motion for the component fields 
with the usual identification z = m. 

To avoid confusion, some comments are in order. First of all we remind the reader that (5.18) 
is the action for the multiplet given in Table 10. This multiplet was for us an intermediate 
step in deriving the spinning particle multiplet, given in Table 2, compatible with a set 
of Dirac equations. This step will be done at the level of superfields in the next section. 
However, as the reader might remember, another F = multiplet with a Klein-Gordon type 
action appears in this paper, namely in Section 3.2. We would like to stress that action (3.4) 
presented there is different from (5.18), since it has diagonal kinetic terms for the physical 
fields and off-diagonal ones for the ghost fields, while in (5.18) all terms are off-diagonal. As 
a result, action (3.4) is compatible with Majorana condition for the spinors while (5.18) is 
not. As already mentioned before, the method of Sohnius [13] for deriving actions from an 
extended superspace with central charge must be used to derive (5.18) and we leave this for 
future work. 



5.2 Spinning particle Dirac-type action 

We know that the component fields appearing in the previous subsection do not satisfy 
Dirac-type equations of motion. Their VSUSY transformations are not compatible with 
Dirac equations. However, we have also shown that, if we take some linear combinations 
of those fields (3.28), the resulting multiplet is compatible with the Dirac equations. The 
idea is to now understand how these linear combinations can be implemented at the level of 
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superfields. 

In order to do so, we start by considering a new superfield built out of $ and A 

^ = -l$ + iL)5A. (5.19) 
2 z 

Now, we make a redefinition of the field components inside ^ according to (3.28). This leads 
to the following expansion for ^ 

* = V'l + ■/iV^2^5 + ^ ((;^7/. - d^Hi^i + td^iP2) + \{z^;, - a^)75^2^'^^5 + 
+ \fi (n757M.pV5i + i757/..5pV5i - i7M-^P^2) e^e-^OP + §75 (f 7m.P^2 + 7m.'9p^2) ^'^^^''^5 + 

+1 (iiTsV'i + ^75 ^V'l- ^V'2) + 1 (iy^i75V'2 + y^i75 ^^2) e^^s ■ (5.20) 

Notice that the dimension of ^' is 3/2 so for the component fields we have 

[V'l] = [V^l] = [^^2] = [V'2] = ^ . (5.21) 

Inspired by (5.14), we now construct other Lagrangian terms of the form 

= 4^/^^5^, Cslash=^^ P"^. (5.22) 

z z 

After some lengthy calculations one can show that these two terms give the following con- 
tributions: 

jO^boxlo'^e^ = 1 (V'l75 □ V'l - V'l75 □ V'l - V'275 □ V'2 + V'275 □ V'2) 
>C5/as/i|e4e5 = -f (V^l75 □ V^l - - -0275 □'02 + -0275 ^^^2) + 

+4 (-VSi(^ + i)V'2 + + z)i^2 + + -M^ + ■ (5-23) 

Now we take the following Lagrangian: 

-^2 = ^ (Aox + ^slash) ■ (5-24) 

By integrating it over the supercoordinates, we obtain the Dirac-type action (3.2), with the 
usual identification z = m. 

6 Multiplets with Z = Z = 

In [2], the Casimir operators in the case of vanishing central charges were not studied and 
left for future work. However, it is easy to derive VSUSY representations in the case of 
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vanishing central charge via a superspace approach. It is then worth to discuss them here. 
Dropping the z coordinate in superspace, the supercharges (3.11) become 

i i d 

and the associated fermionic covariant derivatives are 

Field representations can be obtained in a straightforward way by imposing the constraints 
= and D^^ = on a generic superfield The obtained representations will be the 
VSUSY analogue of the chiral and antichiral superfields for ordinary supersymmetry. We 
start with the case of a scalar superfield, but it will be then clear that exactly the same 
procedure works for a superfield with another Lorentz structure. 



6.1 D^^ = Multiplet 

The constraint D/j^^ = removes all non-scalar component fields and as a result we get the 
multiplet in components given in Table 15. When one starts with a superfield with extra 









A 
B 


iB 







Table 15: Transformation rules for the = multiplet. 

vectorial or a spinorial indices, both component fields inherit the Lorentz index structure 
from the superfield. The interacting action 

J d^x (d^Ad^B + df^Bd^A^ + {AB + BA)V{AA) (6.3) 

is invariant under the transformations of Table 15, where V is an arbitrary analytical function 
and the bar denotes complex conjugation for scalars, vectors etc. and the Dirac conjugation 
defined in (2.6) for spinors. Observe that this action has odd Grassmann parity. A discussion 
and examples of odd actions at the classical level can be found in [14], [15]. At the level 
of quantization odd actions seem problematic, so further investigations would be needed in 
that direction. 

One might wonder whether it could be possible to construct an even action for the multiplet 
given in Table 15. Since the fields are complex, a diagonal kinetic term for the ghost of 
the form d^Bd^^B is not zero. However, the combination of this with a term of the form 
d^Ad'^A cannot be rendered VSUSY invariant. Therefore, the only possibility to have both 
a dynamical physical field and a dynamical ghost is to construct mixed, off-diagonal, kinetic 
terms for them. Due to the general structure of this multiplet, containing only one physical 
field and one ghost, the mixed, off-diagonal kinetic terms necessarily feature one physical 
field and one ghost and are therefore odd. 
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6.2 D^^ = Multiplet 



A similar procedure with the scalar covariant derivative can be applied, resulting in the 
multiplet in Table 16. A similar multiplet is derived by Kato et al. [6], starting from a 
twisted topological theory. One can see by inspection that there exists a submultiplet of 









A 









-d^A 
















H 








Table 16: Action of the VSUSY generators on the multiplet with vanishing central charge 
and = 0. 

the multiplet in Table 16, consisting of a vector and a scalar, shown in Table 17. In order 







Q, 


A 

F^, with d[nF^] = 




-d,A 


iF^ 




Table 17: Action of the VSUSY charges on the irreducible vector-scalar multiplet with 
vanishing central charge. 

to close the algebra on this submultiplet, one has to impose the condition that Fy has zero 
curl, and thus d^F^, — di,F^. This implies that this multiplet can be written in terms of the 
one in Table 15. 

7 Conclusions and outlook 

In this paper we have constructed some field representations of vector supcrsymmetry with 
nonvanishing central charge, characterized by superspin Y = Q and Y = 1/2. We have dis- 
cussed their free dynamics in terms of equations of motion and, when possible, of an action. 
Furthermore, we have developed a superspace setup for vector supcrsymmetry and we have 
derived our multiplets in this setting. Concerning the construction of actions by superspace 
techniques, we have only discussed the simplest case of multiplets where the central charge 
operator acts diagonally on the fields. We leave the other, more involved case for future 
work. We have pointed out and worked out in detail the connection between two of our 
multiplets and some existing results in the literature, in one case in the context of spinning 
particle models [10] and in the other in the context of topological theories with twisted su- 
pcrsymmetry [11]. Finally, we have constructed some representations with vanishing central 
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charge by superspace techniques. For one of those we have succeeded in writing an invariant 
interacting action, which is however quite bizzarre, first of all because it is odd. The need 
of odd actions for certain supersymmetric systems had been pointed out in the literature 
before [14] [15], but their quantization remains to our knowledge an open problem. Another 
unsettling issue concerning one of our multiplets, with central charge this time, is that, de- 
spite the fact the fields are spinors, the equations of motion have to be of Klein-Gordon 
type to be compatible with vector supersymmetry. Therefore, by just looking at the action 
the spacetime group seems to be decoupled from the group with respect to which the fields 
are spinors and the symmetry group seems to be larger, containing two different Lorentz 
sectors. In fact, the vector supersymmetry transformations mix the two kinds of Lorentz 
indices, breaking this apparent larger symmetry. 

In general, the representations of even superspin contain only fields of half-integer spin, 
while the representations of odd superspin contain only fields of integer spin. All represen- 
tations contain an equal number of physical and ghost degrees of freedom and the vector 
supersymmetry mixes these two sectors. Therefore, while vector supersymmetry has a very 
similar algebraic structure compared to ordinary supersymmetry, it has totally different 
physics and possible applications. It does not Tinify fields of half-integer spin with fields of 
integer spin, but physical fields with ghosts instead. Due to this fact, we mainly think of its 
role as a technical one, for instance in the context of the renormalization of gauge theories, 
since its presence will hkely lead to cancellation of some divergences. However, ghost fields 
play a leading role in the quantization of string theory and in that context there is also an 
interesting interplay between spacetime and worldsheet supersymmetry in the RNS formu- 
lation. Therefore, vector supersymmetry could be expected to arise in some string models. 
Finally, as already mentioned in the introduction, vector supersymmetry serves as a good 
comparison to understand what the essential ingredients in supersymmetry are. 

The work presented in this paper is of course only the very first step in the direction of 
constructing and studying interacting theories with underlying VSUSY. The representations 
we have constructed here are possibly the simplest ones and a more general approach allowing 
for a classification of VSUSY representations could also be interesting work for the future. 
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A Y = multiplet from the spinning particle multiplet 

In [10], rigid VSUSY is used to construct the action of the massive spinning particle with the 
method of nonlinear realizations. A quantization procedure respecting VSUSY shows that 
the degrees of freedom of the system, two four-dimensional Dirac spinors and ^^2, satisfy 
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two decoupled Dirac equation with the same mass. The VSUSY transformations, given in 
Table 18, mix the components of the two spinors. 









^1 

^2 


— /f75^2 
—^175*1 







Table 18: Action of the VSUSY charges on the spinning particle multiplet introduced in 
[10]. 



The VSUSY invariant action for this multiplet is 

j d''x(^2-f5{^-m)^^ + ^i-f5{^ + m)^2) . (A.l) 

Inspection of the transformations in Table 18, together with the fact that and are 
anticommuting generators in the VSUSY algebra and are therefore expected to be odd, leads 
to the conclusion that the two spinors ^'i and cannot have a definite Grassmann parity 
and should be further decomposed in an even and an odd part as follows 

^1 = ^1 + ^1 ; 

*2 = V'2 + V'2 , (A.2) 

where as usual ipi and tjj2 arc even and ibi and i/-'2 arc odd. 

By using (A.2) in Table 18 and then decomposing the transformations in their even and odd 
parts one obtains the VSUSY transformations of the multiplet previously given in Table 4. 
The action (A.l) has also no definite Grassmann parity and should be decomposed into its 
even and odd parts 

S = 'S'even + 'S'odd j (A- 3) 



where 



•^even 



J d^X ^/'275(^-"^)V'l +V'275(^-"^)^l +^l75(^ + "^)^2 +^175(^ + ^0*/': 



2 

(A.4) 



and 



'odd 



j d^X '0275(^ - "^)'01 + V'275(^ - "^)'01 +'0l75(^ + "^)V'2 +'0l75(^ + "^)^2 • 

(A.5) 

One can check that both parts are separately invariant under the transformations in Table 
18 and generate all the equations of motion of the multiplet. It is then natural to choose 
the even part as the action for the field theoretical model. One can easily check that S'even 
is just the rescaling (3.3) of action (3.2). 
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B Solution of the superspace constraint equation 

In this Appendix we would like to sketch how to solve constraint (3.9) introduced in Section 
3.3 to obtain the general solution (3.24). 

Let us expand the spinorial superfield A introduced in (3.9) as follows: 

A(x^^^^5,^) = K{x,z) + ^{x,z)er, + ^^{x,z)e^ + K^{x,z)e^'e^ 

+A^,(x, ^)rr + A^,(a;, z)e^e''e, + A^,,(a;, z)e''e''ep 

+A^,,(X, Z)rre''^5 + Kr^paix, Z)0''0''0P0'' + A^,,,{x, z)0>' 0'' 0" 0'' , . 

(B.l) 

Constraint (3.9), expanded order by order in the odd cordinates and 0^, gives the following 
set of equations: 

^CufpcT "ojluv^z^pa ^n^vpa j ^C^luplT ^" '^dfj^(^i,pu -\- '^^fj.i/dzPO' ^^A^pjj 

Vti'vdzX.paT — ^p,AvpcrT i '^Vf^'^^zXpcrT ~l~ 2^mC^'PO"7" — ^fx^vpar ■ (■^■^) 
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Let us start by considering all the terms of order in ^5, given in the left column above. 
At order in we have the first equation in the left column in (B.2), which is solved by 
requiring -0^ to be of the form 

r, = , (B.3) 

with A"(,T, z) a generic spinor. 

At order 1 in 6'^, we have the second equation in the left column in (B.2). To possibly solve 
this equation, ^^i, must contain at least one gamma matrix. Therefore we take the following 
general ansatz 

Ci^u{z) = 7[^a;^] , (B.4) 
where uj^ is a Rarita-Schwinger field to be determined. 

By plugging in this ansatz we obtain that the following equality must be valid 

luUJ^i = --Vnudz4> + ln^v (B.5) 
for some Rarita-Schwinger field 5"^. Clearly, this happens for 

Note that a term in of the form ^]^nd^T^uj{z) would be allowed by symmetry considerations 
but in general does not solve the equation, apart from the case when it reduces to the 
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structure we have already considered before. 

To summarize, the solution of the constraint at order 1 in leads to the following relation 
between the components ^^j, and (jf: 

^^iu = -^l„ud^(t>- (B.7) 
A similar procedure works up to order 3 in 

At order 4, we see from the last equation in the first column in (B.2) that only one term is 
present in the LHS. However, by using the gamma matrix identity 

and the Schouten identity, one can rewrite the order 4 term as follows 

VpvlpaS dl\ ~ l^,lze^,p„s d^X (B.9) 

It is then clear that the order 4 term directly satisfies the constraint equation. 

Let us now consider the terms of order 1 in ^5. 
The difference with respect to the previous case is that the term ^658^ in the covariant 
derivative now plays a role. However, one could in principle decide to work in the 
VSUSY analogue of the chiral representation for the superspace covariant derivatives given 
in (3.19). In that case the 6^ term in would simply not be present. Therefore, in that 
basis the solution of the constraint equations coming from the terms of order 1 in 65 is 
completely analogue to the case of order in ^5. It is then clear that the solution rewritten 
in the more symmetric representation for the covariant derivatives (3.15) will just contain 
an extra correction term coming from the corresponding change of basis (3.17). Explicitly, 
the analogues of eqs. (B.3) and (B.7) become 

4. = -il^^u^,4> - |7[m5-] A ■ (B.IO) 

The correction is of course the second term in the RHS, which can be easily computed by 
hand. Note that it also fits the general prescription given in (3.22). 
The result is the general solution of constraint (3.9) given in (3.24). 

C Y = 1/2 multiplet from the Kato-Miyake TSUSY 
multiplet 

The multiplet in Table 12 is a consistent truncation of the TSUSY multiplet found by Kato 
and Miyake in Euclidean spacetime in [11]. The Kato-Miyake multiplet contains three vectors 
F^y^ and K^, one odd and two even, an odd scalar A and an odd selfdual two-form M~^. 
The action of TSUSY on these fields is given in Table 19. 
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Ka 


Fa 
2 " 

-i{d^A + dm-^) 


— KP 
-^{S;ia,pad'F'^ + Sa,dPF,) 


-5+ pp 

pu,ap 

i5+ KP 

2 M^^iOP 

i5;^,^,{dPA + d'^M-P^) 





Z 


Va 


Ka 


Pa 


-i{daA + dPM-p) 


A 


-idPp^ 




^Kp^p.d'F" 


Ka 





Table 19: Action of the TSUSY charges on the Kato-Miyake multiplet [11]. 



In this multiplet = (note the different convention with respect to this paper) is satisfied 
on all fields, but no field equations have to be used to close the algebra, the multiplet closes 
off-shell. Moreover, the odd Casimir is present with value zero. 

We can shorten the multiplet by imposing that the operator Z acts as a number z on all 
fields. As a result we obtains the set of constraints: 



-i(d^A + dPM;^)^zP,; 
-idPpp = zA ; 
tS^^^p^dPp'^ = zM-, ; 

-nv^ = zKi_,. (C.l) 

The first two equations above tell us that the vectors and P^ can be expressed in terms 
of A, and M~j,. The remaining three equations imply that A, and must satisfy 
the following dynamical equations with mass: 

DA = -z^A- 

UM-, = -z'M-, . (C.2) 

By implementing the first two constraints of (C.l) in Table 19, one obtains the corresponding 
table for the truncated multiplet (A, V^, M"^,). In order to have a VSUSY sector that is 
exactly identical (up to signs due to the different conventions) to our VSUSY multiplet 
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given in Table 12, we rescale the fields as follows 

~ i Z '■' 

a = iA, = ~2^^'" ^^'^ ^ ~^4^M^ (^■^) 

and we switch the roles of ghosts and physical fields. 

The result is our VSUSY multiplet of Table 12, with the extra tensor transformations 







a 








^al3 





Table 20: Action of the antiselfdual tensor charge on the truncated Kato-Miyake multiplet 

The dynamics of the Kato-Miyake multiplet is given by the action 

j d^x {y^'uv^ + Upi'id^A + dTM-^) + RI'K^^ . (C.4) 

The field K^^ is auxiliary and all fields satisfy equations of motion with zero mass. Note that 
the scalar and two-form fields appear in the action with an off-diagonal first order term. The 
fields remaining after our truncation satisfy dynamical equations with mass instead, related 
to the value of the central charge by a BPS-like constraint. The truncation procedure leads 
to constraints directly imposing the equations of motions on the fields, so it is not possible 
to apply it to action (C.4) to obtain an action for the truncated multiplet. 

We have checked whether it was possible to build an action for the truncated multiplet 
leading to the equations of motion (C.2), but we find no suitable VSUSY invariant quadratic 
structure. On the other hand, one could think of an off-diagonal first order structure as in 
(C.4), in this case necessarily odd. However, this would not lead to the correct dynamical 
equations and in any case direct inspection shows that a combination of this kind of terms 
cannot be rendered invariant under the odd vectorial VSUSY charge. Our conclusion is 
that the Y = \ multiplet satisfies dynamical equations of motion with mass that cannot be 
derived by an action. 
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